Abstract. The aim of this paper is to give a finer geometric description of the algebraic varieties parametrizing conjugacy classes of nonsolvable subgroups in the plane Cremona group.
• Find the finer classification of the conjugacy classes of de Jonquières groups.
• Give a finer geometric description of the algebraic varieties parameterizing conjugacy classes.
This article gives a solution of these problems for the nonsolvable finite subgroups in Cr 2 (C). It's important to note that investigation method described in the paper can be employed to solve these problems for all finite subgroups in Cr 2 (C), i.e. not necessary nonsolvable. However due to large amount of routine work investigation was conducted only for nonsolvable subgroups.
The paper has the following structure. In Section 2 I study surfaces from the class D, i.e. the G-minimal del Pezzo surfaces (S, G), where Pic(S) G ≃ Z and G is a finite nonsolvable group. I will apply here results of [4] . There are no my results in this section.
In Section 3 I study surfaces from the class CB, i.e. the G-minimal surfaces (S, G, φ), where a morphism φ : S → P 1 defines a G-equivariant conic bundle structure, Pic(S) G ≃ Z 2 , and G is a finite nonsolvable group. The main my results are described in this section.
In Section 4 I study conjugacy classes of embeddings G → Cr 2 (C) defined by G-minimal surfaces (S, G), for all finite nonsolvable subgroups G ⊂ Cr 2 (C). Here I reprove results in [4, Section 7] for the sake of completeness.
In Section 5 I present a list of the finite nonsolvable subgroups in Cr 2 (C), obtained on the basis of results of sections 2 and 3.
This work is dedicated to my supervisor Vasily Alekseevich Iskovskikh, who initiated my study of the Cremona group. I am very grateful to Yuri Gennadievich Prokhorov and Ilya Alexandrovich Tyomkin for useful tips and remarks.
The base field is assumed everywhere to be C. Throughout this paper we will use the following notations.
• ε n denotes a primitive n-th root of unity.
• S n denotes the permutation group of degree n.
• A n denotes the alternating group of degree n.
• Consider a subgroup A 5 ⊂ P GL(2, C), which is isomorphic to the icosahedral automorphisms group, and the standard projection ψ : SL(2, C) → P GL(2, C). ThenĀ 5 denotes the group ψ −1 (A 5 ), which is isomorphic to the binary icosahedral group.
• A.B, where A and B are some abstract groups, is one of the possible extensions with help of the exact sequence: 0 → A → G → B → 0.
• Let H be an abstract group. Then H ≀S n will denote the semidirect product H n ⋊ S n , where S n is the symmetric group, acting on H n by permuting the factors.
• A△ D B is a diagonal product of abstract groups A and B over their common homomorphic image D (i.e. the subgroup of A × B of pairs (a, b), such that α(a) = β(b) for some epimorphisms α : A → D, β : B → D).
• P(a 1 , . . . , a n ), where a i ∈ Z, i = 1, . . . , n, is the weighted projective space, with the set of weights (a 1 , . . . , a n ).
Case of del Pezzo surfaces.
In this section we study the surfaces (S, G) ∈ D, i.e. S is a G-minimal del Pezzo surface, and Pic(S) G ≃ Z. The groups G are supposed to be finite nonsolvable. We will apply here results of [4] . There are no author's results in this section.
Recall that a surface S is called a del Pezzo surface, if S is smooth, and −K S is ample. It's well known that 1 ≤ K 2 S ≤ 9. We will carry our investigation, considering different values of K 2 S . In the next theorem we study the case K 2 S = 9. In this case S ≃ P 2 .
Theorem 2.1. Let (S, G) ∈ D, K 2 S = 9, and G be a finite nonsolvable group. Then S ≃ P 2 with the coordinates (x 0 : x 1 : x 2 ), and G is any finite nonsolvable subgroup of Aut(P 3 ) ≃ P GL(3, C). The subgroup G ⊂ P GL(3, C) can be conjugated to one of the following subgroups.
(1) H is a group, consisting of maps
The image of matrices a b c d ∈ GL(2, C)
in P GL(2, C) under the natural projection GL(2, C) → P GL(2, C) is isomorphic to A 5 . The group H is isomorphic to Z n ×Ā 5 , n ≥ 1. (2) The icosahedral group A 5 isomorphic to L 2 (5) . It leaves invariant a nonsingular conic C ⊂ P 2 . (3) The Klein group isomorphic to L 2 (7) . This group is realized as automorphism group of the Klein's quartic x We need only to check the isomorphism H ≃ Z n ×Ā 5 , n ≥ 1 in the first case of theorem. It follows from [4, Lemma 4.5, case (i)].
In the next theorem we consider the case
, and G be a finite nonsolvable group. Then S ≃ F 0 ≃ P 1 × P 1 with the coordinates (x 0 : x 1 , t 0 : t 1 ). We will employ definition of the group St(A 5 ) (see Notation 3.5), and define involution τ : (x 0 : x 1 , t 0 : t 1 ) → (t 0 : t 1 , x 0 : x 1 ).
We have the following possibilities for G.
(
2) The subgroup G ⊂ Aut(P 1 × P 1 ) is conjugate to the subgroup H × τ , where H is the image of the diagonal embedding of St(A 5 ) in P GL(2, C) × P GL(2, C).
Proof. One knows that if S is a del Pezzo surface with K 2 S = 8 then S ≃ F 0 or F 1 . However in the second case the exceptional section of ruled surface F 1 is G-invariant. Therefore the pair (F 1 , G) is not G-minimal. Hence S ≃ F 0 ≃ P 1 × P 1 . It's well known that Aut(P 1 × P 1 ) ≃ P GL(2, C) ≀ τ . Whence G is generated by a nonsolvable subgroup H ⊂ P GL(2, C) × P GL(2, C) and by an element η = µ • τ , where µ ∈ P GL(2, C) × P GL(2, C). We write µ = (B, B ′ ), where B, B ′ ∈ P GL(2, C). For any ς = (A, A ′ ) ∈ P GL(2, C) × P GL(2, C) we have
Let's study the structure of group H, applying Goursat's Lemma (see [4, Lemma 4 .1]). Consider projections π i : P GL(2, C) × P GL(2, C) → P GL(2, C), i = 1, 2 on the first and the second factor respectively. We get 
is a maximal finite subgroup of P GL(2, C). Contradiction. We get the first case of the theorem.
Suppose that D ≃ A 5 . Then H is conjugated to the image of diagonal embedding of St(A 5 ) in P GL(2, C) × P GL(2, C). Arguing as above, we get B, B ′ ∈ St(A 5 ). By (2.1) these elements define the same inner automorphism of A 5 . Hence B = B ′ . We get the second case of the theorem.
In the next theorem we consider cases:
S is equal to either 7, or 6, or 4 , or 1, and G is a finite nonsolvable group.
Proof. Let's consider the case K 2 S = 7. The surface S is presented as a blowing up of two different points in P 2 . However the strict transform of line, containing this two points, is a G-invariant rational (−1)-curve. Hence the surface S is not G-minimal.
The case K Table 8 ].
, and G be a finite nonsolvable group. Introduce on P 2 the coordinates (T 0 : T 1 : T 2 ). Then the surface S is isomorphic to the blowing up of P 2 at points: (0 : 0 : 1), (0 : 1 : 0), (1 : 0 : 0) and (1 : 1 : 1). The group Aut(S) is isomorphic to S 5 , and is generated by the maps:
The subgroup G ⊂ Aut(S) is isomorphic to A 5 or S 5 .
Proof. This follows directly from [4, Theorem 6.4 ] and arguments of [5, Theorem 8.4 .15].
In the next theorem we consider the case K 2 S = 3. Theorem 2.5. Let (S, G) ∈ D, K 2 S = 3, and G be a finite nonsolvable group. Then the surface S can be represented by the following equations in P 3 with the coordinates (T 0 : T 1 : T 2 : T 3 ):
The group G is isomorphic to S 5 and is generated by the following maps:
Proof. This follows directly from [4, Theorem 6.14].
, and G be a finite nonsolvable group. Then the surface S can be represented by the following equation in P(2, 1, 1, 1) with the coordinates (T 0 :
Proof. This follows directly from [4, Theorem 6 .17].
Case of conic bundles
In this section we study the surfaces (S, G, φ) in the class CB, i.e. G-minimal surfaces S with Pic(S) G ≃ Z 2 , having a G-equivariant conic bundle structure φ : S → P 1 . The groups G are supposed to be finite nonsolvable. Recall (see [4, Item 3.7] ) that a rational G-surface (S, G) has a conic bundle structure, if there exist a G-equivariant morphism φ : S → P 1 , whose each fiber F t = φ −1 (t), t ∈ P 1 is either a nondegenerate plane conic (isomorphic to P 1 ) or a reducible reduced conic, i.e. a pair of intersecting lines.
A conic bundle (S, G, φ) is said to be relatively G-minimal, if the fibres of φ do not contain G-orbits, consisting of nonintersecting rational (−1)-curves (i.e. components of reducible fibres -equivalently to Pic(S)
It is clear that a G-minimal surface, having a conic bundle structure, is relatively minimal. The inverse statement is not always valid.
Denote by r the number of the reducible fibers of a conic bundle (S, G, φ). By Noether formula we have
Theorem 3.1. Let (S, G, φ) ∈ CB with K 2 S = 8, and G be a finite nonsolvable group. Then the surface S is isomorphic to Hirzebruch's surface F n , n ≥ 0. The morphism φ : S → P 1 coincides with the standard projection F n → P 1 .
is isomorphic to one of the following: A 5 × B, B × A 5 , A 5 △ A5 A 5 , where B is any finite subgroup of P GL(2, C).
(2) Let n > 0. Then n > 1. Consider F n → P(n, 1, 1) the blowdown of exceptional section of F n . We have
where GL(2, C)/µ n acts on C n+1 by means of its natural linear representation in the space of binary forms with degree n. The subgroup G ⊂ Aut(F n ) is isomorphic to one of the following groups:
We apply Goursat's lemma (see [4, Lemma 4.1] ) and Klein's classification of the finite subgroups in P GL(2, C) (see [4, Section 5.5] ). We get that G ≃ B△ D C, where one of groups B and C is isomorphic to A 5 . Since the group A 5 is simple, the group D is isomorphic to either 1 or A 5 . Therefore the group G is isomorphic to one of the following groups:
where B is any finite subgroup of P GL(2, C). Remark that a group A 5 △ A5 A 5 is conjugate to image of a diagonal embedding of group A 5 to P GL(2, C) × P GL(2, C).
Consider the case S ≃ F n , n > 0. Let F n → P(n, 1, 1) be the blowdown of the exceptional section of F n .
We note that if n = 1 then P(1, 1, 1) is a smooth surface. Hence the triple (S, G, φ) is not minimal. Therefore n = 1.
Introduce the coordinates (x : t 0 : t 1 ) on P(n, 1, 1). It's well known (see [4, Theorem 4.10] 
The group C n+1 is generated by maps (x : t 0 : t 1 ) → (x + f n (t 0 , t 1 ) : t 0 : t 1 ), where f n is a binary form with degree n. The group GL(2, C)/µ n is generated by invertible maps (x : t 0 : t 1 ) → (x : at 0 + bt 1 : ct 0 + dt 1 ). Moreover, we have
Consider the sequence of homomorphisms G The morphism φ : S → P 1 induces a homomorphism φ * : G → Aut(P 1 ). We have the following exact sequence
where G K ≃ Ker(φ * ), and G B ≃ Im(φ * ). Also consider the natural representation of group G in the automorphisms group of lattice Pic(S). By G 0 we denote the kernel of this representation. The group G 0 fixes the divisor classes of the sections with negative self-intersection. Such sections obviously exist. Hence G 0 fixes it pointwisely. Considering one of these sections as a point on a general fibre, we conclude that G 0 is a cyclic group.
Suppose that G 0 = {1}. Then the surface S has an exceptional conic bundle structure (see below). Definition 3.3. Define the exceptional conic bundles. This is the minimal resolution of singularities of surface, given by the equation in weighted projective space P(1, 1, g + 1, g + 1), where g ≥ 1:
where F 2g+2 is a binary form without multiple factors with degree 2g + 2.
After the resolution of indeterminacy points, the projection onto P 1 with coordinates (t 0 , t 1 ) will induce a conic bundle structure φ : Y g → P 1 . This conic bundle has reducible fibres over the points from P 1 , where F 2g+2 (t 0 , t 1 ) = 0. The surface Y g contains 2 nonintersecting rational (−g − 1)-curves defined by the equations t 2 = 0 and t 3 = 0. Automorphisms of the surface Y g are induced by automorphisms of P(1, 1, g + 1, g + 1).
The case of exceptional conic bundles will be considered in Section 3.1.
There is a theorem about the structure of minimal finite groups, acting on the non-exceptional conic bundles. (1) Case G K ≃ Z 2 . The central involution ι, generating the group G K , fixes pointwise a smooth bisection C of the fibration φ and switches the components of fibres in a subset Σ ′ ⊂ Σ. The morphism φ defines the linear system g 1 2 on the curve C having branch points in the singular points of the fibres in the set Σ ′ . Genus of the curve C is equal to g = (m − 2)/2, where m = |Σ ′ |. The group G B is isomorphic to a subgroup of the automorphism group of curve C modulo the involution defined by g
The morphisms φ| Ci , i = 0, 1, 2 are branched over the singular points of fibres in subsets Σ i . The group G B leaves invariant the set of points φ(Σ) ∈ P 1 and its partition into three subsets φ(Σ i ), i = 0, 1, 2.
Consider cases of Theorem 3.4 separately. We note that the subgroup G B ⊂ Aut(P 1 ) ≃ P GL(2, C) (see (3.2) ) is nonsolvable, since G K is solvable by Theorem (1) Case G K ≃ Z 2 , and Σ ′ = Σ. This case will be investigated in Section 3.2. (2) Case G K ≃ Z 2 , and Σ ′ = Σ. This case will be investigated in Section 3.3.
. This case will be investigated in Section 3.4. We will often use the following facts about finite nonsolvable subgroupsP ⊂ SL(2, C) (see [4, Section 5.5] ). Obviously thatP ≃Ā 5 . Any group of this type is conjugated to a group with the following generators:
. Notation 3.5. We will denote a group generated by (3.3) as St(Ā 5 ). It's image in P GL(2, C) we will denote as St(A 5 ).
Consider the natural representation of St(Ā 5 ) in space of polynomials C[t 0 , t 1 ]. Space of relative invariants of the representation is generated by the following Gründformens: SinceĀ 5 /(±1) ∼ = A 5 is a simple group and all Gründformens have even degree, we easily see that g(Φ i ) = Φ i , i = 1, 2, 3, for any g ∈ St(Ā 5 ). In other words, the characters are trivial. Notation 3.6. We will denote space of invariants of groupĀ 5 generated by this Gründformens as I St(Ā5) .
3.1.
Case of exceptional conic bundles. In this section we will prove the following theorem.
Theorem 3.7. Let (S, G, φ) ∈ CB be an exceptional conic bundle, and G be a finite nonsolvable group. Then the surface S can be represented as the minimal resolution of singularities of surface given by the equation in the weighted projective space P(1, 1, g + 1, g + 1), g ≥ 1 with coordinates (t 0 : t 1 : t 2 : t 3 ):
where F 2g+2 ∈ I St(Ā5) is a binary form without multiple factors with degree 2g + 2. The morphism φ : S → P 1 is induced by the map φ ′ : Y g P 1 given by
The group G is isomorphic to
All possibilities for G occur. The group G is generated by the maps:
where m = n, if g is odd, and m = 2n, otherwise.
Proof. By [4, Proposition 5.3] we have Aut Y g ≃ N.P , where N ≃ C * ⋊ Z 2 is a group generated by the maps:
And P is the subgroup of P GL(2, C), leaving the form F 2g+2 (t 0 , t 1 ) semi-invariant.
Obviously that P ≃ A 5 . We conjugate the subgroup P ⊂ P GL(2, C) to the subgroup St(A 5 ). Then F 2g+2 ∈ I St(Ā5) . Whence we get that the group Aut(Y g ) is generated by maps (3.5) and (3.6). Hence
where the group µ 2 acts by (t 0 : t 1 : t 2 : The group G K is generated by involution ι. By [13, Theorem 3.2] we get S/ι ≃ F e . The morphism π : S → S/ι ≃ F e is G-equivariant, and a faithful action of the group G B is defined on F e (see exact sequence (3.2)). Recall (see Theorem 3.4) that the morphism π : S → F e is branched over a nonsingular hyperelliptic curve C. LetC = π(C). We consider cases e = 0 and e > 0 in Theorems 3.8 and 3.10 respectively.
We make some preparations before statement of Theorem 3.8. Introduce the coordinates (x 0 :
The curveC is represented by the equation:
= 0, where p i , i = 0, 1, 2 are binary forms with degree 2d. Note that the degree is even, so as the divisor classC ∈ 2 Pic(F 0 ) (where 2 Pic(F 0 ) ⊂ Pic(F 0 ) ≃ Z 2 is the even sublattice). The form Disc(C) = p 0 p 2 −p 2 1 has no multiple factors, sinceC is nonsingular. We will apply the Segre embedding ν : P 1 × P 1 → P 3 to represent the surface S by equations. Introduce the coordinates (x : y : z : w) on P 3 . This embedding is given by ν : (x 0 : x 1 , t 0 : t 1 ) → (x 0 t 0 : x 0 t 1 : x 1 t 0 : x 1 t 1 ). We choose some polynomials F i (x, y, z, w), i = 0, . . . , 2d − 2, such that
The surface S is represented by the equations in P(d d , 1 4 ) with the coordinates u i , x, y, z, w, i = 0, . . . , d − 1:
Theorem 3.8. Let (S, G, φ) ∈ CB , and G be a finite nonsolvable group. Suppose There is defined a faithful action of G B (see exact sequence (3.2)) on F 0 , and G B ⊂ P GL(2, C) × P GL(2, C). One of the following cases occurs.
(1) The subgroup G B ⊂ P GL(2, C) × P GL(2, C) is conjugated to the subgroup
The subgroup G B ⊂ P GL(2, C) × P GL(2, C) is conjugated to the diagonal embedding St(A 5 ) ֒→ P GL(2, C) × P GL(2, C), and Proof. Recall that G B ≃ A 5 . The subgroup G B ⊂ Aut(F 0 ) acts trivially on Pic(F 0 ). Hence G B ⊂ P GL(2, C) × P GL(2, C). We apply Goursat's Lemma (see [4, Lemma 4 .1]) to study the subgroups A 5 ⊂ P GL(2, C) × P GL(2, C). Consider projections π i : P GL(2, C) × P GL(2, C) → P GL(2, C), i = 1, 2 on the first and the second factor respectively. We get
These cases corresponds respectively to cases 1 and 2 of the theorem.
It's need to check existence of the nonsingular curveC ⊂ F 0 for each of these cases. In the first case this curve obviously exists. Because we can choose binary forms p i ∈ I St(Ā5) , i = 0, 1, 2 in (3.7) without multiple and common factors (see the generators of I St(Ā5) in (3.4) ). It remains to verify existence of the nonsingular curveC in the second case. Also we need to show that the parameter d in (3.7) can be odd and even. This follows from the next lemma.
Lemma 3.9. There exist nonsingular curvesC ∈ F 0 with odd and even parameter d given by equation (3.7) and invariant under the diagonal action of group St(A 5 ) on F 0 ≃ P 1 × P 1 .
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Proof. Consider the linear space of polynomials C[x, y]. The space has the natural structure of SL(2, C)-module. Denote by R n ⊂ C[x, y] the subspace of polynomials with degree n. We have Equat(C) ∈ R 2 ⊗ R 2d . It's known (see [6, Exercise 11.11] 
Consider a linear system J of St(Ā 5 )-invariant curves with bidegree (2, 2d) in
St(Ā5)
2d−2 is not empty. To apply Bertini theorem, we need to study the base points of system J .
We have ( 60(k−1) has not a common factor, since k ≥ 2. Hence the base points of J lie in the union of sets:
Consider the projection ξ :
has not a common factor, since k ≥ 2. Hence we can take a polynomial Equat(C) ∈ R 2 ⊗ R 2d , such that ξ(Equat(C)) = Φ 2 Φ 3 h(t 0 , t 1 ), where the forms Φ 2 , Φ 3 , h(t 0 , t 1 ) have not pairwise common factors. Therefore the base points of J lie in the union of sets: Φ 2 (t 0 , t 1 ) = 0 and Φ 3 (t 0 , t 1 ) = 0. However by choose of Equat(C) we get that the curveC is nonsingular at these sets.
It remains to prove existence of a nonsingular curveC with even parameter d. We take d = 30k, k ∈ N, k ≥ 3. It is easy to check (see (3.4) ) that each set R
2d+2 , R
St(Ā5) 2d
and R
St(Ā5)
We have Φ 1 J ′ ⊂ J , where J ′ is a linear system of St(Ā 5 )-invariant curves with bidegree (2, 2d − 30) in F 0 . By previous arguments, we know that the base points of J ′ lie in the union of sets: Φ 2 (t 0 , t 1 ) = 0 and Φ 3 (t 0 , t 1 ) = 0. Hence the base points of J lie in the union of sets: Φ 1 (t 0 , t 1 ) = 0, Φ 2 (t 0 , t 1 ) = 0 and Φ 3 (t 0 , t 1 ) = 0.
Again consider projection ξ. We have
2d+2 . The space R
60(k−1) has not a common factor, since k ≥ 3. Hence we can take a polynomial Equat(C) ∈ R 2 ⊗ R 2d , such that ξ(Equat(C)) = Φ 1 Φ 2 Φ 3 h(t 0 , t 1 ), where the forms Φ 1 , Φ 2 , Φ 3 , h(t 0 , t 1 ) have not pairwise common factors. Again the conditions of Bertini theorem are satisfied.
It remains to describe the action of group G. The embedding of the group G B ≃ St(A 5 ) to P GL(2, C) × P GL(2, C) defines a unique embedding St(Ā 5 ) ֒→ SL(2, C)×SL(2, C). We note that Equat(C) is invariant under the action of St(Ā 5 ). Hence there is defined an action of St(Ā 5 ) on the surface S given by equation The case e > 0 will be considered in the next theorem. Theorem 3.10. Let (S, G, φ) ∈ CB , and G be a finite nonsolvable group. Suppose that G 0 ≃ 1, G K ≃ ι ≃ Z 2 , Σ ′ = Σ, and S/ι ≃ F n , n > 0. Then there is a G-invariant curve E, which is the preimage of exceptional section F e . Consider the contraction of this curve (S, G, φ) → (S ′ , G, φ ′ ), where a map φ
is defined by φ.The surface S ′ is given by the following equation in P(d + e, e, 1, 1) with the coordinates (u : x : t 0 : t 1 ):
where p i , i = 0, 1, 2 are binary forms with degree 2d, 2d + e, 2d + 2e, respectively. The binary form p 0 p 2 − p 2 1 has no multiple factors. The map φ ′ is given by
Moreover, e is even. The group G is generated by the maps:
where
and F e (t 0 , t 1 ) is a some binary form with degree e, unique for each matrix (3.10).
All possibilities for G occur.
Proof. We will use the following construction to represent the surface S by equations. Consider the morphism F e → P(e, 1, 1), which is the blowing down of exceptional section F e . Introduce the coordinates (x : t 0 : t 1 ) on P(e, 1, 1). The morphism φ induces projection (x : t 0 : t 1 ) → (t 0 : t 1 ). The curveC will be represented by the following equation in P(e, 1, 1):
The form Disc(C) = p 0 p 2 − p 2 1 has no multiple factors, sinceC is nonsingular. We construct a double cover of P(e, 1, 1), branched alongC. We get the surface S ′ given by the equations (3.9).
Note that deg(p 0 ) is even, sinceC ∈ 2 Pic(F e ). Denote the degree as 2d. The automorphism group of P(e, 1, 1) consists of the maps
where P e is a binary form with degree e. We can choose coefficients b
We have G B ≃ A 5 ⊂Ā 5 (see (3.2) ). Therefore e is even. We conjugate G B to a group consisting of the following maps (x : t 0 : t 1 ) → (vx + F e (t 0 , t 1 ) :
where the coefficients a, b, c, d ′ and the binary form F e satisfy conditions of the theorem. But v = 1, since A 5 is a simple group, and all it's characters A 5 → C * are trivial. Obviously, we get (3.11).
Finally, we need to prove that all possibilities for G in (3.11) occur. It's sufficient to construct nonsingular curvesC invariant under an action of G B with odd and even parameter d. We assume that G B is a group consisting of maps (x : t 0 : t 1 ) → (x : at 0 + bt 1 :
with condition (3.10). Let d is even. Then the curveC is represented by the following equation in P(4, 1, 1):
where Φ i , i = 2, 3 are binary forms in (3.4). Let's construct the curveC with odd d. Consider the equation ofC in P(30, 1, 1):
where Φ 1 is a binary form in (3.4), and h, h ′ are some binary forms in I St(Ā5) . It's easy to check by counting of parameters that h and h ′ can be chosen, such that Disc(C) = Φ 1 h ′ − h 2 has no multiple factors. ThenC is nonsingular.
3.3.
Case, when G 0 ≃ 1, G K ≃ Z 2 , and Σ ′ = Σ. Here we will apply arguments of [13, Section 3.2] . Let r = |Σ|, and m = |Σ ′ |. Let g 1 : S → S be blowing up of the singular points of reducible fibres Σ \ Σ ′ , and g 2 : S → S ′ be the contraction of proper transform of Σ \ Σ ′ . The surface S ′ has 2(r − m) singular points of type A 1 . Obviously that maps g 1 and g 2 are G-equivariant. We have the G-equivariant commutative diagram.
In the diagram the vertical arrows correspond to the quotient map by the involution ι, and maps g By [13, Lemma 3.4] we get that surfaces S/ι and S ′ /ι are nonsingular. Moreover,
The morphism h ′ : S ′ → F e is a double cover branched over the union of curves
, where the curve C ′ is the proper transform of curve C. The image of the curve g 2 * (g * 1 (Σ \ Σ ′ )) on the ruled surface F e is the union of r − m fibres. Denote these fibres as S i , i = 1, . . . , r − m. Also letĈ = h ′ (C ′ ).
For each fiber S i , i = 1, . . . , r − m denote by x i1 and x i2 two distinct points of the intersection S i ∩Ĉ. Obviously, there is defined a faithful action of G B (see exact sequence (3.2)) on F e . By [13, Lemma 3.5 ] the triple (S, G, φ) is minimal, iff points x i1 and x i2 lie in the same orbit under the action of G B for each i = 1, . . . , r − m.
We consider cases e = 0 and e > 0 in Theorems 3.11 and 3.12 respectively. We make some preparations before statement of Theorem 3.11. Introduce the coordinates (x 0 : x 1 , t 0 : 
= 0, where p i , i = 0, 1, 2 are binary forms with degree 2d. Note that the degree is even, so as the divisor classĈ + i S i ∈ 2 Pic F 0 (see [13, Lemma 3.6] ), and r − m = 30 is even. The form Disc(Ĉ) = p 0 p 2 − p 2 1 has no multiple factors, sinceĈ is nonsingular. We will apply the Segre embedding ν : P 1 × P 1 → P 3 to represent the surface S by equations. Introduce the coordinates (x : y : z : w) on P 3 . This embedding is given by ν : (x 0 : x 1 , t 0 : t 1 ) → (x 0 t 0 : x 0 t 1 : x 1 t 0 : x 1 t 1 ). We choose some polynomials F i (x, y, z, w), i = 0, . . . , 2d + 28, such that
The surface S is represented by the equations in P(d d+15 , 1 4 ) with the coordinates u i , x, y, z, w, i = 0, . . . , d + 14:
Theorem 3.11. Let (S, G, φ) ∈ CB , and G be a finite nonsolvable group. Suppose that We have
, where p i , i = 0, 1, 2 are binary forms in (3.13), and Φ 1 is the binary form from (3.4) .
The group G B ⊂ P GL(2, C) × P GL(2, C) is the image of diagonal embedding St(A 5 ) ֒→ P GL(2, C) × P GL(2, C). The group G is isomorphic toĀ 5 . This possibility for G occur.
The group G acts on S ′ by the following way. Embedding of G B ≃ St(A 5 ) to P GL(2, C)×P GL(2, C) defines a unique embedding St(Ā 5 ) ֒→ SL(2, C)×SL(2, C). This defines an action of St(Ā 5 ) on the surface S ′ given by the equation (3.14) . Proof. The subgroup G B ⊂ Aut(F 0 ) acts trivially on Pic(F 0 ). Hence G B ⊂ P GL(2, C) × P GL(2, C). Consider projections π i : P GL(2, C) × P GL(2, C) → P GL(2, C), i = 1, 2 on the first and the second factor respectively. By Goursat's Lemma (see [4, Lemma 4 .1]) we get that
By [13, Lemma 3.5] we need to find conditions, when points x i1 and x i2 for each i = 1, . . . , 30 lie in the same orbit under an action of G B . Obviously, D ≃ A 5 . We conjugate G B ⊂ P GL(2, C) × P GL(2, C) to the image of diagonal embedding St(A 5 ) ֒→ P GL(2, C) × P GL(2, C). It's easy to check that none of points x i1 and x i2 for each i = 1, . . . , 30 lies on the diagonal x 0 t 1 − x 1 t 0 = 0. This is a sufficient condition, and it's equivalent to (3.15).
Therefore we need to prove existence of curvesĈ ⊂ F 0 with odd parameter d, such that condition (3.15) holds. Also we will prove that d cannot be even. We will use notations and arguments of Lemma 3.9. Consider a linear system J of St(Ā 5 )-invariant curves with bidegree (2, 2d) in F 0 . Consider the projection ξ : R 2 ⊗ R 2d → R 2d+2 . It's is given by the polynomial p 0 t is divided by Φ 1 . Therefore it's impossible.
Let d is odd. In Lemma 3.9 we proved that a general member of J is nonsingular, if d = 30k + 15, k ∈ N, k ≥ 2. But it's obvious that there exist polynomial f (t 0 , t 1 ) ∈ R St(Ā5) 2d+2 with degree 2d + 2 = 60k + 32, k ≥ 2, which is not divided by Φ 1 .
The remaining arguments follow from the construction of equations (3.14) and are obvious.
In the next theorem we consider case e > 0. Theorem 3.12. Let (S, G, φ) ∈ CB, and G be a finite nonsolvable group. Suppose
12). The surface S
′ contains a G-invariant curve E, which is the preimage of exceptional section F e . Consider the contraction of this curve (S ′ , G, φ
, where a map φ ′′ : S ′′ P 1 is defined by φ ′ .The surface S ′′ is given by the following equation in P(d + e + 15, e, 1, 1) with the coordinates (u : x : t 0 : t 1 ):
where p i , i = 0, 1, 2 are binary forms with degree 2d, 2d + e, 2d + 2e, respectively, and Φ 1 is the binary form from (3.4). Also
.
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The map φ ′′ is given by
Moreover, e ≡ 2 (mod 4). The group G is generated by the maps: u → −u,
and F e (t 0 , t 1 ) is a some binary form with degree e, unique for each matrix (3.17).
Proof. We will use the following construction to represent the surface S ′′ by equations. Consider the morphism F e → P(e, 1, 1), which is the blowing down of exceptional section F e . Introduce on P(e, 1, 1) the coordinates (x : t 0 : t 1 ). The map φ ′ : S ′ → P 1 induces the projection σ : (x : t 0 : t 1 ) → (t 0 : t 1 ). The fibres S i ⊂ F e , i = 1, . . . , r − m are represented by the equations: 
Each fibre S i , i = 1, . . . , 30 intersects the curveĈ in two distinct points: x i1 and
. We construct a double cover of P(e, 1, 1) branched alongĈ and Φ 1 (t 0 , t 1 ) = 0. We get the surface S ′′ given by the equation (3.16). Note that deg(p 0 ) is even, sinceĈ + i S i ∈ 2 Pic(F e ) (see [13, Lemma 3.6] ), and r − m = 30 is even. Denote the degree as 2d.
Then we apply the arguments as in Theorem 3.10. We prove that e is even, and conjugate G B to a group consisting of the following maps (x : t 0 : t 1 ) → (x + F e (t 0 , t 1 ) :
where the coefficients a, b, c, d ′ and the binary form F e satisfy conditions of the Theorem.
By [13, Lemma 3.5] we need to find conditions, when the points x i1 and x i2 for each i = 1, . . . , 30 lie in the same orbit under an action of G B . Obviously, it's sufficient to check, that each element g ∈ G B with ord(g) = 2 doesn't have fixed points on the curveĈ. The element g can be conjugated to the map:
It's easy to see that g doesn't have fixed points onĈ, iff e ≡ 2 (mod 4). We easily get (3.18).
We need to prove existence of curvesĈ ⊂ F e with odd and even parameters d, such that listed above conditions holds. We assume that G B is a group consisting of maps (x : t 0 : t 1 ) → (x : at 0 + bt 1 :
with condition (3.17). Let d is even. We take e = 34, and the curveĈ is represented by the following equation in P(34, 1, 1) with the coordinates (x : t 0 : t 1 )
where Φ 2 and Φ 3 are binary forms from (3.4), and Q 60 ∈ I St(Ā5) (see Notation 3.6) is a some binary form with degree 60 and without multiple factors.
Let d is odd. We can employ here example constructed in proof of Theorem 3.10.
Case, when
. In this section we prove the next theorem.
Theorem 3.13. Let (S, G, φ) ∈ CB, and G be a finite nonsolvable group. Suppose
. Then there exists an embedding S ֒→ P(E), where E is a line bundle on P 1 . We have E = E 0 ⊕ E 1 ⊕ E 2 , and isomorphisms
The surface S can be represented by the equation 
Also the binary forms H 0 , H 1 and H 2 do not have multiple and pairwise common factors.
The group G K acts by the following way (see Theorem 3.4).
The action of G on the surface S is generated by the action of G K and an action of St(Ā 5 ). The action of St(Ā 5 ) on sections ξ Proof. Denote as f the fibre's divisor class of the conic bundle (S, G, φ). We have −K S · f = 2. It's well known that a line bundle O(−K S ) is locally free of rank 3. Hence the line bundle O(−K S ) is relatively very ample and defines an embedding S ֒→ P(E ′ ), where
Hence we can take the bundle E in the statement of theorem to be equal
). An action of G on O(−K S ) defines an action on E. In the next lemma we show that the action of G K on E is diagonalizable.
Lemma 3.14. We can choose a decomposition E = E 0 ⊕ E 1 ⊕ E 2 , where E i ≃ O(a i ), i = 0, 1, 2, such that G K acts by the following way. Denote three different nontrivial elements in
Proof. Recall that a 0 = 0, 0 ≤ a 1 ≤ a 2 . Also remind that G K acts trivially on the base of fibration φ. Suppose that 0 < a 1 < a 2 . Then each bundle E i , i = 0, 1, 2 is invariant under the action of G K . Hence the statement is obvious.
Suppose that a i = a j , a i = a k for some i = j = k = i. Without loss of generality we can take 0 = a 1 < a 2 . Then the action of G K on E 0 ⊕ E 1 defines an embedding G K ֒→ GL(2, C). But, obviously, any subgroup Z 2 2 ⊂ GL(2, C) is diagonalizable. Suppose that 0 = a 1 = a 2 . Then the statement follows from the fact that any subgroup Z 2 2 ⊂ GL(3, C) is diagonalizable. We apply Lemma 3.14. Fix isomorphisms f i : Let's find relations on the forms p j i , 0 ≤ j ≤ a i , i = 0, 1, 2. By Theorem 3.4 each nontrivial element ι i , i = 0, 1, 2 of the subgroup G K fixes pointwise an irreducible smooth bisection C i . Hence, there is defined an action of G on the set of these curves, since G K ⊳ G. This action defines a homomorphism σ : G → S 3 . But G B ≃ A 5 is simple. Therefore σ is trivial. The curves C i , i = 0, 1, 2 on the surface S are cut out by the hypersurfaces:
We conjugate G B ⊂ P GL(2, C) to St(A 5 ). We employ now notations (3.20) . From triviality of σ we get:
. One knows that all characters of St(Ā 5 ) are trivial (see (3.4) ). Therefore we get (3.20).
It's easy to check that the surface S is nonsingular, iff the binary forms H 0 , H 1 and H 2 do not have multiple and pairwise common factors. Now we can describe an action of group G on the surface S. The action of St(Ā 5 ) on C[t 0 , t 1 ] induces an action on ξ
The action of G is generated by the action of G K and the action of St(Ā 5 ). Therefore we easily get (3.21). It's easy to check that all possibilities for G in (3.21) occur.
Conjugacy question.
The main result of this section is Theorem 4.2. Here we reprove results of [4, Section 8] for the sake of completeness. As the main tool we will use the next theorem. (1) Let (S, G, φ) be a surface in the class CB, K 2 S ≤ 0, and G be a finite nonsolvable group. Let χ : S S ′ be a birational G-invariant map, where (S ′ , G) ∈ D ∪ CB. Then (S ′ , G, φ ′ ) ∈ CB, and K we have | Orb St(A5) (x)| is even (see Notation 3.5). Hence we easily get that l − n is even.
Therefore if n is even, then χ i , i = 1, . . . , k are elementary links of type II. And we easily get the case 2b of theorem.
Consider case, when n is odd. Then G ≃ Z n ′ ×Ā 5 by Theorem 3.1. Suppose that χ is not a composition of elementary links of type II. Then one of elementary links χ i , 1 ≤ i ≤ k − 1 must be a link of type III. We may suppose that the links χ j , i < j ≤ k are of type II. In this case χ i • . . . • χ k (S) ≃ P 2 . Below we will see that S ′ ≃ X, where (X, G) ∈ D, and K 2 X < 9. Therefore we get the case 2a of theorem. Let's prove the third case of theorem. To apply Theorem 4.1, we need to show, that S has no points x with | Orb G (x)| < K It's easy to check by calculations that α, β ∈ G, and there is no point x ∈ S fixed under an action of subgroup H ⊂ G generated by α and β.
Let K 2 S = 3. We apply Theorem 2.5. Consider the maps (2.3). Again by easy calculations we can check that there is no point x ∈ S, such that | Orb G (x)| < 3.
Let K 2 S = 5. We apply Theorem 2.4. It's sufficient to consider the case G ≃ A 5 . Suppose that there is a point x ∈ S, such that | Orb G (x)| < K 2 S = 5. Denote by
